Energy-Momentum Distribution in Static and Non-static Cosmic String Space-times 
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In this paper, we elaborate the problem of energy-momentum in GR by energy-momentum 
prescriptions theory. In this regard, we calculate M0ller, Landau-Lifshitz, Papapetrou, Einstein, 
Bergmann, Tolman, and Weinberg's energy-momentum complexes in static and non-static cosmic 
string space-times. We obtain strong coincidences between the results. These coincidences can be 
considered as an extension of Virbhadra's viewpoint that different energy-momentum prescriptions 
may provide some basis to define a unique quantity. In addition, our results disagree with Lessner's 
belief about M0ller's prescription, and support the Virbhadra's conclusion about power of Einstein's 
prescription. 
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1. INTRODUCTION 

In classical mechanics and even in special relativity, we 
can always introduce a two-indices, symmetric tensorial 
quantity, i.e. , which is named as energy-momentum 
tensor and represents the energy and momentum of mat- 
ter and non-gravitational fields sources. Besides men- 
tioned properties (being tensorial and symmetric) , it has 
an important special characteristic: it is localized. This 
means that in every point of the manifold the quantity 
of energy-momentum is conserved. In the other words, 
energy-momentum tensor is a divergenceless quantity. In 
fact, in any local point of manifold no contribution of this 
quantity produces and no eliminates. We have: 



= 



(1) 



Eq.(IT]) is definition of energy-momentum conservation 
and known as conservation laws. Since the energy and 
momentum are two important, conserved quantities in 
physics, people are interested to keep it (as usual form 
of conservation laws) unchanged in all fields of physics, 
especially in general relativity's theory. But in GR, or- 
dinary derivatives transform to covariant derivatives. So 
we have [1]: 



1 



(2) 



It is obvious from Eq. ^ that no longer satisfies T"^ ^ = 
0, but as noted before, we are interested to have a similar 
equation in GR. We add an additional term to T^, e.g. 
t^„ , so that the summation of these two terms remains 
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divergenceless. In reality, the quantity that is actually 
conserved in the sense of Eq. ([T]) is some effective quantity 
which is given (in one variant) by Eq.(20.18) of MTW [2] 
as effT^ = (T^ + ia). In other variants, we obtain 



(3) 



where g = det(gab) and n is a positive integer that indi- 
cates the weight. For each of these aSfT^, Eq.(l2]) can be 
rewritten as: 



= 



(4) 



Conserved quantity ettT^ refers to the flux and density of 
energy and momentum of gravitational systems. In fact, 
coming from SR to GR, we add a contribution of grav- 
itational fields, to the contribution of matter and all 
non-gravitational fields, . Einstein, himself, proposed 
the first prescription for ^^T^ just after GR's formulation 
in 1916. Then, many other persons such as M0ller [3], 
Landau-lifshitz [4], Papapetrou [5], Bergmann [6], Tol- 
man [7], and Weinberg [1] gave different prescriptions. 
All proposed expressions are called energy-momentum 
complexes, because they can be expressed as a combina- 
tion of a tensor, T^, and a pseudo-tensor, t^. However, 
by using this (adding t\ to ) we could solve the prob- 
lem of being non-zero divergence of energy-momentum 
tensor, but some serious problems arise. Actually, it 
can be shown that t\ does not obey tensor transforma- 
tions. This non-tensorial property of ^sT^ has caused 
that these complexes not to satisfy the required covari- 
ance and be coordinate dependent; it is the main prob- 
lem of using energy-momentum complexes. Some authors 
tried to introduce new coordinate independent prescrip- 
tions. In fact, except few prescriptions including Penrose 
[8], M0ller [3], and Komar's [9] prescriptions, for other 
energy-momentum complexes one gets physically mean- 
ingful results only in Cartesian coordinate system. 
Next problem is that it is not necessary for ^^T^ to be 
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TABLE I: Comparison of the differences between energy- 
momentum prescriptions in symmetry and suitable coordinate 
systems needed. 



Prescription 


Coordinate System 


Symmetry 


M0ller 


any coordinate system 


anti-symmetric 


Landau-Lifshitz 


cartesian 


symmetric 


Papapetrou 


cartesian 


symmetric 


Einstein 


cartesian 


anti-symmetric 


Bergmann 


cartesian 


non-symmetric 


Tolman 


cartesian 


non-symmetric 


Weinberg 


cartesian 


symmetric 



symmetric in all prescriptions. We can define conserved 
angular momentum quantity only for symmetric prescrip- 
tions [1]. In this regard, anti-symmetric characteristic 
of Einstein's prescription was the main motivation for 
Landau and Lifshitz to look for an alternative prescrip- 
tion for energy-momentum which is symmetric. We have 
listed some prevalent and well-known prescriptions (that 
we have used in the next sections) and their properties 
in table |T1 

For making the subject clearer, it should be noted that 
ctfT^ can be written as the divergence of some super- 
potential Ha'^^ that is anti-symmetric in its two upper 
indices [10] as 

.«7^a - ffi'c' (5) 

In addition, a new function like C/^^ can also play the role 
of iji'"^' if it has the following conditions: 

Then, the quantity 0^ which is defined by this new super- 
potential remains conserved locally: 

Q'a = ^ 0a,6 = (7) 

Using this freedom on the choice of the super-potential, 
authors like Einstein and Tolman arrived through differ- 
ent methods at the following super-potentials [11]: 

^ff' = :5^5ae(gV^-ff^^5"'),d {Emstem) (8) 

Tl' = ll't''^ + ^{.ilt''-€r')A (Tolman) (9) 

where g"'' = \/~-gg°'^- 

Considering above discussion, there are many prescrip- 
tions for new energy-momentum density (cttT^) [1,3-9] 
which their differences are in a curl term. Each of them 
has its own advantages and disadvantages and it has not 
proved any preferences between them. However, Palmer 
[12] and Virbhadra [13] discussed the importance of Ein- 
stein's energy-momentum prescription and Lessner [14] 



believed that M0ller's prescription is a powerful tool for 
calculating the energy-momentum in GR. 

The problems associated with concept of energy- 
momentum complexes resulted in some researchers even 
doubting the concept of energy-momentum localization. 
Misner et al. [2] argued that to look for a local energy- 
momentum is looking for the right answer to the wrong 
question. He showed that the energy can be localized 
only in systems which have spherical symmetry. Cooper- 
stock and Sarracino [15] proved that if energy is localiz- 
able for spherical systems, then it can be localized in any 
system. In 1990, Bondi [16] argued that a non-localizable 
form of energy is not allowed in GR. Recently, besides 
energy-momentum prescriptions theory, it was suggested 
another solution for energy problem in GR that is in 
agreement with energy-momentum prescriptions theory 
about localization of energy, i.e. Tele-Parallel Gravity 
(for example see [17]). On the other hand, some peo- 
ple do not believe in localization of energy and momen- 
tum in GR. In addition, some physicists propose a new 
concept in this regard: quasi-localization (for example 
see [18]). Unlike energy-momentum prescriptions the- 
ory, quasi-localization theory does not restrict one to use 
particular coordinate system, but this theory have also 
its drawbacks [19,20]. In general, there is no generally 
accepted definition for energy and momentum in GR un- 
til now. Chang et al. in ref. [21] showed that every 
energy-momentum complex can be associated with dis- 
tinct boundary term which gives the quasi local energy- 
momentum. By this way, he dispels doubts expressed 
about the physical meaning of energy-momentum com- 
plexes. 

For a long time, there have been an uncertainty that dif- 
ferent energy-momentum complexes would give different 
results for a given space-time. Many researches consid- 
ered different prescriptions and obtained interesting re- 
sults. Virbhadra et al. [13,22-25] investigated several 
examples of the space-times and showed that different 
prescriptions could provide exactly the same results for 
a given space-time. Aguirregabiria et al. [26] proved the 
consistency of the results obtained by using the different 
energy-momentum complexes for any Kerr-Schild class 
metric and revived the energy-momentum prescriptions 
theory after a long period of time. 

In this paper we extend the previous works by calculating 
the energy of static and non-static cosmic string space- 
times in a specific region by seven well-known energy- 
momentum prescriptions: M0ller, Landau-Lifshitz, Pa- 
papetrou, Einstein, Bergmann, Tolman, and Weinberg. 
We obtain encouraging results which show interesting 
coincidences between the results calculated by different 
prescriptions. Our results about M0ller's prescription 
disagree with Lessner's viewpoint but support the Virb- 
hadra's conclusion that Einstein's prescription is the best 
available method for computing energy-momentum in a 
given space-time. The rest of the paper is organized as 
follows: in section (2) we introduce energy- momentum 
complexes those we use in next sections. Section (3) 
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contains an introduction to static and non-static cosmic 
string space-times. The method and resuhs of calcula- 
tions are written in section (4). In section (5) we sum- 
marize and conclude with some remarks and discussions. 
Conventions: We use geometrized units in which the 
speed of light in vacuum c is taken to be equal to 1 and 

the metric has signature (H ) . Latin indices take 

values 0...3. 



2. ENERGY-MOMENTUM PRESCRIPTIONS 

Among many different forms proposed for energy- 
momentum pseudo-tensors, in this article we shall 
use M0ller, Landau-Lifshitz, Papapetrou, Einstein, 
Bergmann, Tolman, and Weinberg's prescriptions. Just 
in the same direction as the previous works in the lit- 
erature here we try to show the compatibilities and to 
find out any existing discrepancies between predictions 
of these prescriptions when applying to static and non- 
static cosmic string space-times. Specific forms of each 
energy-momentum pseudo-tensor, conservation laws, and 
energy-momentum 4- vectors are listed in Table II briefly. 
Interested readers can refer to the mentioned references 
for details. In the last column of Table |TT] Gauss' the- 
orem is used. In the surface integrals Ha represent the 
components of a normal one form over an infinitesimal 
surface element ds. The results of calculations accord- 
ing to each of the individual forms will be shown in the 
following sections. 



3. COSMIC STRING SPACE-TIMES 

Very early universe is one of the hot and interesting 
subjects of theoretical physics that its structure has re- 
mained as a mystery until today. Cosmologists are gen- 
erally assumed that at very early stages of its evolution, 
the universe has gone through a number of phase transi- 
tions. One of the immediate consequences of this phase 
transitions is the formation of defects or mismatches in 
the orientation of the Higgs field in causally disconnected 
regions [27]. Cosmic strings are one of remarkable topo- 
logical defects that have received particular attention 
because of their cosmological implications. The double 
quasar problem can be explained by strings and galaxy 
formation might also be generated by density fluctuation 
in the early universe due to strings [28] . 

Suppose an infinitely long, thin, straight, static string 
lying along z axis with the following stress-energy tensor 



T'^^fid{x)S{y)dzag{l,0,0,l) 



(10) 



where /i is the mass per unit length of the string in the z 
direction. Considering space-time symmetries, Einstein's 
field equations lead to well-known solution for case A = 
in polar cylindrical coordinate system {t,p,(j),z) [29-31]: 



For A ^ Einstein's field equations lead to general form 
of static cosmic string space-time with the following line 
element in polar cylindrical coordinate system {t, p, 4>, z) 
[32]: 



COst(^p)(dt2_rf^2) 

4(l-4G'Ai) 4 V3A 



dp' 



(12) 



3A 



C0S3 {—-—p) X tan {——p)d(j) 



where for A ^ reduces to the previous metric, Eq. pT|) . 
Investigating the non-static solution of the cosmic strings 
Einstein's field equations lead to non-static cosmic string 
space-time with the following line element in polar cylin- 
drical coordinate system (t, p, 0, z) [32]: 



ds' = dt' 



3* [dp' + (1 - AGpYp'd(l)' + dz'] (13) 



where for A — > or t = reduces to Eq. (fTTj) . In the next 
section we calculate the energy of these space-times by 
different energy-momentum prescriptions. 



4. CALCULATIONS 
4.1. Method 

As mentioned in section (2), for calculating the en- 
ergy of a given space-time in a specific region by energy- 
momentum prescriptions we should integrate energy- 
momentum super-potentials over a suitable surface in 
space-time. So, we should calculate the super-potential 
components, and then indicate normal vector over in- 
finitesimal surface element . In the two next subsections 
integrations are over a cylindrical surface surrounding the 
length L from the string symmetrically with radius p. 

It should be noted that in Cartesian coordinate sys- 
tem (considering (f) — arctan(^), and p = x' + y') 
Eg. p^ and Eg. p^ transform to the following line ele- 
ments fEa. p4|) . (fT5|) ) respectively: 



ds' = 



cos^ adt' (14) 

1 3Aa;^(a;^ -I- y') cos^ a + Aa'y' sin' o;^ 2 
3 A{x' + y') cost a 

2 3A(a;' -I- y') cost a - Aa' sin^ a 

3 A(a;2 -f ?/')2 cost a 

1 3Aa;^(a;^ y') cos^ a -t- 4a^a;' sin^ a , o 

2 

3 A(a;2 -I- y') cos3 a 

i I 2 

— COS 3 adz 



xydxdy 
dy' 



ds' = dt' - dz' - dp' - (1 



iGpfp'c 



X 

I'-l 



2„,2 



(11) 



where a = (1 — 4:Gp) and a = ^^-^^p- 
ds' = dt' 

-F2e"* 



a-y 



■dx' 



y 



2 xydxdy 



(15) 
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TABLE II: Energy-momentum Prescriptions 



Prescription 


Energy-momentum pseudo-tensor 


Conservation 
Laws 


Energy- momentum 
4- vector 


M0ller [3] 


Mi = i^xf.i 

kl 1 / ^Qi-a 9gia \ ka lu 


£^ =0 


P, = J J jM°dx^dx^dx'' 

^ r r On t 
^^flXiriads 


Landau-Lifshitz [4] 


r ik 1 \ iklm 
^ - 16^^,1"^ 

^ — —9\9 9 —99 j,m 




= J J J U^dx^dx^'dx^ 

= W / / ^fm"^nads 


Papapetrou[5] 


^zfc 1 j\^iklm, 

_ r}'^n^(^ —1 —1 —^^ 


ox'^ 


P'^JJJ E'°dx'dx^dx^ 
= ^ffN%--n^ds 


Einstein [3] 


r\k 1 rrkl 
— T6^^^,l 

rrkl rrlk Qjn [ / kn Im In km\-\ 

Hi =-Hi = ^[-~g{g g ~g g )],,„ 


ax^ 


P, = J J JeU^^dx^dx^ 
- ik 1 1 H'tnads 


Bergman [6] 


jDik 1 rtikm 

^ ~ Te^'^'"^ 

nikm, ir km 

P 9 

Vf = = M^y-g{g^r.^lrn _ g^^ g^my^ .^ 


ax'^ 


= j j S B'°dx^dx''dx^ 


ToIman[7] 


rpk 1 rrkl 

Ut' = V^i-g^'v!, + yfg^-'V^m) 

yjk = ~^)k + ^9j^mk + ^9k'^mj 


dx'^ 


^ J J jT^dx'^dx^dx'' 
^J-JJU!-n^ds 


Weinberg[l] 


11/ik 1 T-xikl 

axi 1 oxj 1 ax" ' ax" ' oxj ox^ 
hik ~ gik — Vik 


ax'^ 


P' = JJJ W'^'dx^dx^dx'' 
= ^!!D'"'nads 



where a = (1 — 4G/x) and a = 2y ^ (remember that a 
in Eq. p^ is different from that is defined in Eq. pS)) '). 

Everywhere we use ds — pd(j)dz as infinitesimal surface 
element. In polar cylindrical coordinate system (allowed 
in M0ller's Prescription) we have Ua — (0, 1, 0, 0), and in 
Cartesian coordinate system (all prescriptions) we have 
"-a — (0, ^, ^,0) . Summarize all above, for calculating 
the energy, after extracting needed super-potential com- 
ponents, we must calculate surface integrals over a cylin- 
drical surface with suitable normal vector Ua that de- 
pends on used coordinate system. Following this method, 
in the next subsections we bring needed non-zero com- 



ponents of super-potentials, and final energy results (i.e. 
P° or Pq ) which are calculated by different energy- 
momentum prescriptions. Exact expressions of energy 
(except for M0ller prescription) are very well-defined but 
long and complicated. So, we restricted ourselves to 
study the manner of energy around A = 0. Calculations 
for static (A ^ 0) and non-static cosmic string space-times 
are classified in two separate subsections. Meanwhile, it 
should be noticed that we have done similar calculations 
by using static (A = 0) cosmic string space-time (line el- 
ement Eg. pTjl ) that their results are presented in Table 
III directly. 
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4.2. Static Cosmic String (A / 0) 



4-2.3. Papapetrou prescription 



Defining a = -^^^p and a ~ 1 — iGii energy can be 
calculated by different energy-momentum prescriptions 
as follows: 



4.2.1. M0ller prescription 

Using Table II and Eg. p^ we find that non-zero 
needed components of Xi^ are: 



tx 
At 



ty 
Xt 



4 a sin a 



4 a sin a 



TV 



(16) 



(17) 



3 + y'^' 

Using surface integral (Table II) energy can be obtained 
as 

1 



M 



E 



-a L sin a 



(18) 



Using Table II and Eq. p4|) we find that non-zero 
needed components of iV*'^'™ are: 



]\[ttyy 



1 



1 



6 V A acosasina(a;^ + 2/^)2 
x[cost(x2-f-y2)(3Ay2_4a2) 

, A 2 2 ■ 2 2 , A 2 i/2,2\i 

-f4a X sm acos a -)- 4a cos a (a; + y )\ 



(25) 



1 



6 V A a cos a sin a(a;2 + j/^) 
x[cosi(x2 -^-y2)(3Aa;2 -4a2) 
-|-4a^?/^ sin^ a cos 



AT* 



4\/3 



asm a 



3 ^ A{x^ + y^) cos 3 a 



(26) 



(27) 



after Taylor expansion around A = we have: 

mE - -]ap^LA + ^ap'^LA^ - -^ap^iA^ + ... (19) 
4 lb loU 

That for A = vanishes immediately. In addition, as we 
expect, same energy expression (Eq.([T8])) are obtained 
by using M0ller energy-momentum prescription with this 
metric in polar cylindrical coordinate system instead of 
Cartesian coordinate system. 



4.2.2. Landau-Lifshitz prescription 



Using Table II and Eq. ^4|) we find that non-zero 
needed components of A**^'™ are: 

ttxx _ 1 ^ 3y'^Acosia{x'^+y'^)+4:a'^x'^sm'^a 



A = - - C0S3 a 



A(a;2 -I- 2/2 



(20) 



tf 1 2 Sx'^A cos 3 a(a;2 -|- y'^) + Aa'^y'^ sin^ a 

A ..^--cos.a A(^MV? 

(21) 

4 a2sin^a ^^^^ 



3 A(a;2 -l- y'^) cos a 



^tfTv ^ftvT 1 2 3Acos3 a{x^ + y^) - Aa^ sm a 

yttxy ^ yttyx = ^OS 3 a , , „ 

3 A(x2-|-?/2)2 

(23) 

After surface integration (Table II) and Taylor expansion 
around A = we obtain: 



LL 



E = 



(l-^).,(3a^-l)^^2^_(I^,^.^2_ 



-L- 



16 



128 



(24) 



j\fttxy _ jsj-ttyx 

V3 



(28) 



6 ^A(a;2 + y2) 
3A cos3 a{x^ + y2) _ 4a^ sin^ a 
a(x2 + y^) sin a 

After surface integration (Table II) and Taylor expansion 
around A = we obtain: 



^E = 



(l-a^).,(3«^-l)^^2^_(17a!^^^4^2_ 



16a 



320a 



(29) 



4.2.4. Einstein prescription 



Using Table II and Eg. (fT4|) . we find that complicated 
quantities of H^^ and Hj^ are only non-zero needed com- 
ponents of super-potential. After surface integration (Ta- 
ble II) and Taylor expansion around A = we obtain: 



(l-a2)^ , (3a2-l) 



(17a2 - 2) 



16a 



320a 



(30) 



4.2.5. Bergmann prescription 



Using Table II, and Eq. p^ . we find that complicated 
quantities of B"^ and i?**** are only non-zero needed com- 
ponents of super-potential. After surface integration (Ta- 
ble II) and Taylor expansion around A = we obtain: 



}£; = ^ — -L + -Lp^aA- 



8a 



640a 



'-Lp^A^ 



(31) 



4-2.6. Tolman prescription 



Using Table II and Eq.((T4]), we find that complicated 
quantities of U^^ and are only non-zero needed com- 
ponents of super-potential. After surface integration (Ta- 
ble II) and Taylor expansion around A = we obtain: 



8a 



16a 



320a ^ 



(32) 



\ttyy ^ _^2at^'^ + '^^V^ 



^ttzz ^ _e2at^2 



yttxy _ yttyx _ ^2, 



xy 



After surface integration (Table II) we obtain: 



4.2.7. Weinberg prescription 



LL 



E 



Using Table II and Eq. ^H]) . we find that complicated 
quantities of and D^'** are only non-zero needed 

components of super-potential. After surface integration 
(Table II) and Taylor expansion around A = we obtain: 



w 



Aa? 4 



(34a4 - 7a^ - 2) 
160a4 



4 a2 



(33) 



4.3.3. Papapetrou prescription 

Using Table II and Eq. p5|) we find that m 
needed components of iV**^''" are: 

rttxx _ {y^ + a^x"^) + e"*a2(a;2 + y"^) 1^, 



jytZXX 



a(x^ + y"^) 



4.3. Non-static Cosmic String 



With a = 2y J and a = 1 — AGfi different energy- 
momentum prescriptions can be evaluated as follows. 



(^VaV) + e"*a^(a:^+y^) 



4.3.1. M0ller prescription 



Using Table II and Eg. ((15)) we find that non-zero com- 
ponents of are: 



(a - l)e2"* 
a(x2 + y^) 



(34) 



(!-«') lot 



After surface integration (Table II) we obtain: 



8a 



Ay 



Ay 



(a - 1)62"* 

a(x2 + j/2) 



(35) 



After surface integration, we find that integral of en- 
ergy vanishes. As we expect, in polar cylindrical coordi- 
nate system we obtain same result for the energy integral 
as we have obtained in cartesian coordinate system i.e. 

M0UerE = 0. 



4.3.4. Einstein prescription 



Using Table II and Eq. ([15)1 we obtain non-zero 
components of i/^f ' : 



JjtX 



(l-a^)e^ 
a(x^ -I- y^) 



4.3.2. Landau- Lifshitz prescription ^ty (1 — a 

a[x'^ + y^) 

Using Table II and Eq. lfTS)) we find that non-zero 
needed components of A*'''" are: After surface integration (Table II) we obtain: 



x^ + y^ 8a 
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4-3.5. Bergmann prescription 

Using Table II,Eq.(33) and Eg.lfTS)) we find non-zero 
needed components of B"^^^ as: 



B 



After surface integration (Table II) we obtain: 



(49) 
(50) 

(51) 



4.3.6. Tolman prescription 



Using Table II and Eq. (fT5|) we find that non-zero 
needed components of C/f ' are: 



(l-a^)e^ 
2a(x2 -I- y'^) 



* 2a(.T2 + 2/2) ^ 
After surface integration (Table II) we obtain: 

8a 

4.3.7. Weinberg prescription 



(52) 
(53) 

(54) 



Using Table II and Eq. (fT51) we obtain that non-zero 
needed components of C*^' are: 



D 



,,_(l-a2)(,..„._i_,^^_^ (55) 



a4(a;2 + y2) 
a'*(x2 -|- y'^) 



e-2"*y (56) 



After surface integration (Table II) we obtain 
(l-a2)(-e"*a2 + l + a2) _ 



w 



E : 



4a2 



e-^"*L (57) 



5. CONCLUSIONS AND REMARKS 

In previous section we calculated the energy of static 
and non-static cosmic string space-times in a cylinder 
with length L and radius p surrounding the string sym- 
metrically. We have summarized all obtained results in 
table III. 

Regarding contents of table III: 



• It is concluded that the energy is turn out to be 
finite and well-defined in all these prescriptions for 
these space-times. 

• Substituting a = 1 in first column all prescriptions 
give energy equal to zero that is completely con- 
sistent. Because, if a = 1, Eq. pTj) reduces to the 
Minkowski line element which its energy is equal to 
zero in any arbitrary region. 

• For static (A 7^ 0) cosmic string space-time Ein- 
stein, Tolman, and Papapetrou's prescriptions lead 
to the same results. In addition, when A — > 
0, Bergmann prescription joins to this list. For 
the non-static case Einstein, Papapetrou, Tolman, 
and Bergmann prescriptions have the same result. 
This coincidence supports and extends Virbhadra's 
viewpoint [26] that different energy-momentum 
prescriptions may provide some basis to define a 
unique quantity. However, the remaining prescrip- 
tions give different energy densities (because of 
non-covariant property of pseudo-tensors) . 

• As we expect, for A — > energy expressions in 
the second and third columns reduce to their corre- 
sponding expressions in the first column. It should 
be noticed that we calculated the components of 
the second column separately, by using line element 
Eq. ljlip in energy-momentum prescriptions. 

• Unlike other prescriptions, M0ller's prescription 
leads to a zero quantity for energy. This short- 
coming is in contradiction with Lessner's viewpoint 
and supports Virbhadra's conclusion. Lessner [14] 
believed that M0ller's prescription is a powerful 
tool for calculating the energy-momentum pseudo- 
tensors in GR, and Virbhadra [13] concluded that 
Einstein's energy-momentum prescription is still 
the best available method for computing energy- 
momentum in a given space-time. 

• Reviewing the results shows that adding a factor a 
in denominators of Landau-lifshitz's results causes 
that this prescription also give equivalent results 
(in comparison with Einstein, Tolman, and Papa- 
petrou's prescriptions). In other words Landau- 
Lifshetz's results are different with other similar re- 
sults (Einstein, Tolman, and Papapetrou) just in a 
factor a in denominator. This dilemma is due to the 
fact that the conserved quantity in Landau-Lifshitz 
prescription is ^aT^ = {''9){T^+A) (weight +2) in- 
stead of ,aT^ ^ V^iTa + A) (see Eq.(3) and Ref- 
erence [4]) which its weight is -|-1. So, we should be 
careful about using this expression with weight +2 
in our integration (see [33] chapter 7). Calculating 
energy with using a correction to Landau-lifshitz 
prescription i.e. X^^^™ = ^ 
instead of A^'^'™ = {-gW^'g' 
II) leads to consistent results 
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TABLE III: Energy of three different cosmic string space-times in a cylinder with length L and radius p surrounding symmet- 
rically the string ( a — 2J ^ and a — 1 — 4Gp ) 



Prescriptions 


Static 
(A = 0) 


Static 
(A/0) 


Non-static 
(A/0) 


M0ller 





-iap^LA + ^ap^LA"" - ^ap'^LA^ + ... 





Landau-Lifshitz 


L{l-a^) 
8 


L + (3a-^-i) Va (^f^-i) VA^ + ... 


(l-a2)^2at£ 


Papapetrou 


_L{l-a^) 
8a 


8a 16a ' 320a ' 


8a 


Einstein 


L{l-a^) 
8a 


+ ^Lp^A - ^Lp^A^ + ... 


8a 


Bergmann 


L(l-a^) 
8a 


ii#lL-ffVA+^(lii^VA^ + ... 




Tolman 


L{l-a^) 
8a 


Sa 16a 320a 


8a 


Weinberg 


L(l-a^) 
4a^ 


{l~a^)j lr^2A 1 (34a'*-7a=-2)^ 4.2 , 


(1 — a^) / at 2 1 1 1 2\~2atT 

4a'^ (— e a -|- i -|- a je _L 



• In the final remark we would like to raise some 
points on the validity of the metric p2|) . Eq. (fT2|) 
with /i — > faces with some problems to present 
the deSitter space-time (dSS). It has intrinsic sin- 
gularities at p = -j= , n = odd [34], while dSS 



is free of them. The standard form of dss is: 



3 / 3 

ds^=dt^ - -cosh2(W-i)x 



{dx^ + sin^ x{de^ + sin^ Odcf^)) (58) 



where -oo < t < +00,0 < x < < 9 < tt, 0< 
(j) < 27r. By the following transformations: 



^ log(sinh(-y jt) + cosh(y jt) + cosx)(59) 



cosh( 1 / j^t) sin x cos 6 



sinh(-i/ j^t) + cosh{ J j^t) + cosx 



cosh(i/ 4t) sin 6* cos ( 



sinh(^/ j-t) + cosh( i/4.t) -I- cosx 



(60) 



(61) 



cosh ( W t) sin 6* sin ( 



sinh(i/ j^t) + cosh(i/ j^t) + cosx 



(62) 



The metric ([55]) transforms to the steady state form 
or the so-called half deSitter metric: 



ds^ = dt^ - eTcpi2^ jt)idx^ + df + dz^). (63) 
In polar coordinate systems it takes the form: 



■sin^eid^^)) (64) 



ds^ = dp 

{df^ +r^{de^ 
Then by transformation: 



t^t 



A 



ln(l _ -H) 



(65) 



(66) 



The metric ((64)) can be transformed to the static 
form: 



ds^^{l-Y^)de - 



1 



(1 - A,2 



-dr^ 



r\de' 



'■0d(l>^) (67) 
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Writing the metric ((67)) in cylindrical coordinate 
systems (t, p, Lp, z) we have: 

ds' = (1 - ^r^)dt^ ~ V 

Now the difference between Eg. ([55]) and Eq. fT^ 
when /i — > is quite evident. This means al- 
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